In assumed probability density function (pdf) methods of turbulent combustion, the shape of the scalar pdf is assumed a priori and the pdf is parametrized by its moments for which model equations are solved. In non-premixed flows the beta distribution has been a convenient choice to represent the mixture fraction in binary mixtures or a progress variable in combustion. Here the beta-pdf approach is extended to variable-density mixing: mixing between materials that have very large density differences and thus the scalar fields are active. As a consequence, new mixing phenomena arise due to 1) cubic non-linearities in the Navier-Stokes equation, 2) additional non-linearities in the molecular diffusion terms and 3) the appearance of the specific volume as a dynamical variable.
I. INTRODUCTION
In turbulent flows density fluctuations may arise due to non-uniform species concentrations, temperature or pressure. We concentrate here on the first case, where differences in the fluid mass density (e.g. due to mixing of different-density species) are very large and play a crucial role in the developing flow. To distinguish from classical constant-density shear-driven turbulence, we call the resulting turbulent flow variable-density (VD) pressuregradient-driven turbulence (PGDT) due to the active and important role played by the density fluctuations in the coupled hydrodynamics and mixing processes.
A canonical example of PGDT is the Rayleigh-Taylor (RT) instability of an interface between two fluids of different densities, which occurs when an external acceleration force is directed opposite to the density gradient [1] [2] [3] . This phenomenon is present in terrestrial examples (e.g. in the unstable atmospheric boundary layer), in astrophysics (in a collapsed core of a massive star), as well as in engineering (in laser-driven or electromagnetic fusion). PGDT phenomena also occur in mixtures of differentdensity species accelerated by large pressure gradients, as in supersonic injectors, gas turbines or scramjet combustion in hypersonic vehicles.
Many engineering combustion simulations employ either assumed or transported probability density function (pdf) methods to compute the scalar mixing fields 4 . In assumed pdf methods, the shape of the pdf of certain material fields is assumed a priori and their distribution is parametrized by solving for appropriate moments. In contrast, transported pdf methods integrate the modelled evolution equations of the pdf 5 . The main advantage of these methods, compared to moment closures, is the mathematically exact and closed form of the chemical source term, which eliminates the need for closure assumptions for such highly non-linear processes. Another advantage of pdf methods is that they provide a higher level statistical description of the turbulent fields.
Although the beta distribution had been widely employed before, Girimaji 6 appears to have been the first to rigorously discuss it as a model for the pdf of turbulent mixing of inert passive scalars. Due to the lack of experimental data and the only direct numerical sim-ulation (DNS) data 7 on two-scalar mixing at the time, his proposal was limited to mixing of passive scalars in stationary homogeneous isotropic constant-density turbulence.
The recent DNS data of Livescu & Ristorcelli 8 suggests that the beta-pdf may also be an appropriate model for active scalar mixing in variable-density, buoyancy-or equivalently, pressure-gradient-driven turbulence 9 (and references therein). The analysis of Livescu and Ristorcelli treat the mixing of different-density fluids with an external acceleration force (e.g. gravity). This is also the driver of the Rayleigh-Taylor instability. In RT flows, small initial perturbations of the interface between the fluids rapidly become a fully turbulent flow. The simulations analysed by Livescu and Ristorcelli are of a homogeneous RT flow in which the mean density field is constant; the simulations were designed to study the issues of 1) transition, 2) non-equilibrium and 3) what new phenomena might arise when variable-density effects are important.
Mixing in Boussinesq turbulence. If the densities of two fluids undergoing mixing are commensurate, the momentum equation for a buoyancy-driven flow has the form of a Boussinesq fluid: the density fluctuation is small compared to the mean density and important only in the body force, and the pressure gradient is the static head. The second moment equations for the Boussinesq fluid are given by Ristorcelli & Clark 10 . In the mixing of two pure fluids, the pdf of the fluid density proceeds from a double-delta configuration to a single-peaked Gaussianlike distribution at late time. Given symmetric initial conditions the pdf is symmetric at all later times; the skewness is zero at all times in the mixing of a (homogeneous) Boussinesq fluid if the skewness is zero at the outset.
Mixing in variable-density turbulence. If the density of the fluids are vastly different, the phrase variable-density (VD) is used to distinguish from the Boussinesq case. In VD flows the pressure field applied to the very-different-density fluids gives rise to differential fluid accelerations and a variety of inertial effects (added mass effects being one of them). The advection term in the Navier-Stokes equation then contains cubic non-linearities, resulting in several non-Boussinesq features. For example, the mixing process becomes highly asymmetric as an initially symmetric pdf rapidly develops a sizeable skewness depending on the density differences of the two pure fluids. These issues, first found by Livescu & Ristorcelli 8 are further discussed in Ref. 11 . One of the consequences of these new effects is the dynamic importance of the specific volume and its correlations, required to close the hydrodynamical equations 9 . Similar correlations appear in the equations describing the mixing field and its moments. One of the purposes of this article, and the following papers on model development and application 12, 13 , is assessing the utility of an assumed beta-pdf in representing these new VD effects that appear as correlations with the fluctuating specific volume.
Mixing in non-equilibrium turbulence. A distinctive feature of the buoyancy-driven simulations of Livescu & Ristorcelli 8, 14 is their transient nature. The flow evolution starts from a quiescent state, transitions to fully developed turbulence which is then followed by a final period of decay. The flow is highly non-equilibrium: the production-to-dissipation ratio, P/ǫ, before the transition at the inception of the flow is on the order of a few hundred; at the time of fully developed turbulence P/ǫ ∼ 1 and in the final decay P/ǫ ∼ 0. Consequently, a mixing model that is based on quasi-equilibrium assumptions is almost certainly in error at all stages of the flow evolution. Another purpose of this article is assessing the utility of the beta-pdf approach to representing not only the variable-density effects but also such non-stationary, non-equilibrium effects.
A. Objectives of this article
In this paper we explore and seek to resolve several issues of both modeling and theoretical nature. We derive the rigorous mathematical consequences of one simple (but reasonable) assumption in variable-density binary mixing: the statistical distribution of the fluid mass density is beta. Using this theoretical framework, and a coupled development on the stochastic momentum equation 12 , a subsequent paper 13 deals with the applications of the current results in model computations and validations. Here we seek:
1. To present a stochastic differential equation (SDE) for the beta distribution.
2. To establish the possibility and the requirements of a beta-pdf for modeling variable-density effects.
3. To establish the possibility and the requirements of a beta-pdf for modeling turbulence that has a highly transitional and non-equilibrium nature. This issue is further addressed in the sequels 12,13 .
4. Two sets of moment equations are derived: one from the SDE yielding a beta distribution and one from exact mass conservation. These two sets of equations are then compared to determine what physical processes the parameters in the SDE are related to.
5. The two sets of moment equations are then compared to investigate the following question: If the density pdf were a beta distribution how would one consistently close very different terms in the moment equations required to describe VD mixing?
6. To explore what additional implications of an assumed mass density pdf might yield in polytropic media.
Our primary focus will be to establish and document rigorous mathematical results regarding the above issues.
B. Outline of the paper
It seems useful to give an outline so that the mathematics does not obscure the purpose, direction and motivation of the presentation.
1. Sec. II lays the groundwork and background for the model development. Because of our interest in high-Schmidt-number mixing, the double-delta "no-mix"-limit pdf is given. This limit is also of interest in early-time mixing of two pure fluids.
2. Sec. III presents a stochastic evolution equation and shows that it yields a beta distribution at all times. Apparently, this SDE has not been given in the literature.
3. From the SDE the equations for the first several moments are derived in Sec. IV.
4. In Sec. V we then establish that the SDE has the properties that allow it to represent the fluid mass density and to describe material mixing. The moment equations from the SDE are compared to the moment equations derived from mass conservation. This establishes relations between the parameters in the SDE and the physical mixing processes.
5. Up to this point the equations have addressed the statistically homogeneous flow, in which all the primary mixing mechanisms are seen. In Sec. VI the equations for inhomogeneous flows are given and discussed.
6. Finally, in Sec. VII conclusions are drawn and the utility of the development is discussed.
7. The essential results, the model equation and its consistency conditions for material mixing, are summarized in Appendix A. Appendix B derives the consequences of a polytropic equation of state. The symmetric beta-pdf, a special case, is investigated in Appendix C.
II. PRELIMINARY CONSIDERATIONS
The context of the current work is given as a prelude to setting up the problem. Some basic results and issues relating to fluid mixing physics are summarized.
The fluid mass density as a mixing variable. Turbulent mixing of conserved scalars is a well-explored area in combustion theory and atmospheric pollution modeling. Both moment closures and pdf methods have been used to predict statistics (or the full pdf) of mass concentrations and mixture fractions. Mixing models have been developed for these quantities, because they are of the main interest in their applications. In flows with large density variations the mass density, ̺, is an active scalar 14 , thus it is reasonable to develop a mixing model directly for this quantity. This is especially important for pressure-gradient-driven flows, as the product of the mass flux and the mean pressure gradient is an important source of turbulence and reflects the fact that Lagrangian particles of different-density fluids accelerate very differently in response to pressure gradients. The beta-pdf in variable-density mixing of a binary mixture. In binary mixing between fluids of large density differences there is a one-to-one correspondence between the mass concentration and the fluid density. Due to the fact that the scalar is active and its fluctuations are not small, the momentum equation contains cubic non-linearities from the product of density and the quadratic velocity. For this reason it is more convenient in variable-density turbulence, from the viewpoint of the moment equations, to employ the fluid density as the mixing variable.
The beta distribution is a natural choice to represent the density in binary fluid flows since ̺ can be expressed as a function of two dependent passive scalars, as
where ̺ 1 and ̺ 2 denote the constant densities of the pure fluids and Y 1 + Y 2 = 1. This is the same situation as with the mixture fraction 15 in conditional moment closure (CMC) 16 methods and the two-scalar mixing of Girimaji 6 in constant-density flows. In CMC the beta distribution is a convenient choice for representing the (assumed) pdf of the mixture fraction in chemically reacting turbulence. In that framework the reasons for the choice of the beta distribution are: 2. The ability to represent singular delta-function peaks of the unmixed state is required.
3. A continuous (even at the singularities) and always integrable pdf is required.
4. In the CMC equations the full pdf of the mixture fraction is required.
5. The physical pdf in the mixing of a binary nonpremixed flow attains a wide variety of shapes, which can be well-approximated by the beta distribution.
Similarly, in many classes of combustion problems in which the thermodynamic pressure can be assumed large and constant, and in which a progress variable, 0 < c < 1, is used to describe the mixing and combustion process, one has
with the mixture temperature, T , the temperature of species "1", T 1 , and the heat-release parameter, τ . Then one can use the beta-pdf for the density field 17 . Mixing in these classes of flows is done by the fluctuating velocity divergence. In the binary mixing problem, for example, one has for the dilatation
see Ref.
14 . For the Boussinesq fluid problem, in which the fluctuating density is small compared to some constant mean density, ̺ = ̺ 0 +̺ ′ = ̺ 0 +βc, the dilatation is
The dilatation in all these approximations can be derived from the equation of state, ̺ = ̺(P, T, Y ) and continuity. It is more complicated for the combustion problem, depending on various additional approximations that are made. For the constant thermodynamic pressure case one has
In this case the dilatation, which accomplishes the molecular mixing, is most generally carried as the primary variable. In our treatment, in order to treat the general variable-density problem, the fluctuating dilatation is carried as the primary mixing variable.
A. The density evolution in buoyant mixing
The time evolution of the density pdf during homogeneous buoyantly-driven variable-density mixing is shown in Fig. 4 of Ref.
8 , and reveals several unique features:
1. The initial double-delta pdf of the unmixed state:
In DNS of homogeneous RT mixing the computational domain consists of random blobs of two fluids with different densities at rest initially, the pdf is double-delta. This is the same distribution also in the inhomogeneous RT layer at the centreline at early time, representing unmixed quiescent fluids 9 .
2. Molecular mixing with persistent extrema: With time the initial delta-peaks diffuse into a series of distributions whose variance is decreased by the increasing occurrence of density events in the interior of the sample space. During this time there is still substantial unmixed fluid and the pdf is still bimodal but with two different peaks at the stationary extrema of the pure fluids. Only a small fraction of the ensemble corresponds to mixed fluid. This behaviour of the pdf cannot be represented by simple deterministic relaxation models, widely used for passive scalar mixing, such as the interaction by exchange with the mean (IEM) model 18, 19 and its variants. These models relax the full ensemble, i.e. all scalar fluctuations, towards the mean on the same time-scale, without accounting for changes in the scalar pdf, simply by reducing the distance between the delta peaks and leaving the shape intact. Relaxing only a fraction of the ensemble on possibly different time-scales (thereby influencing the shape of the evolving distribution) requires a stochastic model.
Mixing asymmetry:
Peculiar to VD mixing is the fact that the two different delta-function peaks do not decrease in magnitude at the same rate: the heavy fluid mixes molecularly more slowly than the light fluid. This is due to inertial effects and the ability of the heavy fluid to resist deformation, which induces a skewness into the distribution, most noticeable at higher initial density ratios. This is, in part, responsible for the bubble/spike asymmetry in turbulent Rayleigh-Taylor layers 11 .
4. The distribution becomes asymptotically Gaussian at late times: At later times the initially convexshaped distribution evolves into concave shapes, and eventually the pdf arrives at an approximate (clipped) Gaussian close to a fully mixed state with an ever-decreasing variance.
The behaviour of the physical pdf described above can not be reproduced with simple Gaussian mixing models or by deterministic relaxation models. To capture this behaviour, it appears, a fundamentally different representation is required.
B. The no-mix double-delta distribution
It is useful to have some asymptotic results. The various moment relations for the double-delta distribution are now derived and summarized.
The double-delta distribution, with delta-peaks at ̺ 1 > 0 and ̺ 2 > 0, with the asymmetry-parameter 0 ≤ S ≤ 1, is defined as
whereδ(̺) denotes the Dirac-delta function. Then the mean, ̺, is given by
while the central moments for n ≥ 2 are
with v 1 = 1/̺ 1 and v 2 = 1/̺ 2 and the central moments of v, for n ≥ 2, are
(9) Finally, the covariance of ̺ and v becomes
which shows that
Based on the above, the mean, variance, skewness and kurtosis of ̺, in the special case of ̺ 1 = 0 and ̺ 2 = 1, are given by
III. THE BETA-PDF MODEL This section presents a SDE that yields a beta distribution. Our intention is to develop a model to represent the fluid density field and its moments in transitional, variable-density, pressure-gradient-driven turbulent mixing with molecular diffusion. The formulation will prove useful in more specialized cases, such as passive two-scalar mixing with equal (or unequal) diffusivity, or asymmetric mixing with negligible molecular diffusion.
A. The beta distribution
The beta distribution ( Fig. 1 ) with parameters α > 0 and β > 0 is
where B(α, β) denotes the value of the Euler beta function
which ensures that the total probability F (̺) integrates to unity. This distribution is bounded between 0 ≤ ̺ ≤ 1 with a possible singular behaviour at the extremes depending 
Beta distributions with different parameters α and β. If α = β the distribution is symmetric, while β > α gives positive and α > β gives negative skewness, respectively. For α > 1 and β > 1 the distribution has a single peak, whereas α < 1 and β < 1 corresponds to a U-shaped beta distribution.
on α and β, enabling the representation of the deltafunction peaks in the initial unmixed state. The boundedness for all values of α and β ensures that in a transported pdf method no fluid particles can have densities lower or higher than the initial densities, which is the correct behaviour if compressibility effects are negligible.
In Fig. 1 the beta distribution is shown to possess the correct attributes for representing the density in VD-RT flows. The function can evolve from an initially convex to a concave shape through a series of possibly skewed distributions, incorporating mixing asymmetry due to VD effects, c.f. Fig. 4 in Ref.
8 . The first two moments of the beta distribution, defined by Eq. (15), are
. (18) As is well known, the beta distribution is fully determined by its mean and variance. Based on Eqs. (17) and (18), the two parameters, α and β, can be expressed in terms of the first two moments as
which shows that the knowledge of ̺ and ̺ ′2 determines all moments of the beta-pdf. Here
is the commonly used mix-metric 8 . θ = 0 represents pure unmixed fluids, while θ = 1 occurs in the fully mixed state.
The above development re-iterated some of the wellknown mathematical characteristics of the beta distribution and qualitatively justified its use as a suitable (and sufficiently general) representation of the fluid density pdf in variable-density RT flows.
B. The stationary stochastic differential equation
This section presents the stochastic equation that yields a beta-pdf at all times, together with its equivalent Fokker-Planck equation (FPE).
The stationary solution of the Itô SDE governing the Lagrangian particle property, 0 ≤ ̺ * ≤ 1,
with the Wiener process dW (t), Ref. 20 , and constant parameters b > 0, κ > 0 and 0 < S < 1 is the beta distribution F (̺). This can be readily seen if Eq. (15) is substituted into the FPE, equivalent to (and derived from) the SDE (22), see e.g. Ref.
20 ,
in the stationary limit, ∂F /∂t = 0, with all constant parameters
Eq. (24) shows that the SDE (22) with the three coefficients, b, S and κ, in fact represents a two-parameter distribution.
The same result can be obtained by evaluating the integral in the stationary solution for Eq. (23)
where N is a normalization constant suitable chosen so that F integrates to unity. Note that the SDE (22) is a special case of d̺
for ̺ 1 ≤̺ * ≤ ̺ 2 . By setting ̺ 1 = 0 and ̺ 2 = 1, Eq. (26) reduces to Eq. (22) . For simplicity we will use Eq. (22), noting that the transformation
yields the more general sample space bounds. It is worth keeping in mind that the "1" in the diffusion term of Eq. (22) thus has the unit of ̺. It can be seen from Eq. (26) that S is non-dimensional, while b and κ are inverse time-scales. Fig. 1 with Eq. (24) shows that S is responsible for the skewness and the ratio
controls the convexity. For S/δ < 1 and (1−S)/δ < 1 the shape is convex, while S/δ > 1 and (1−S)/δ > 1 result in a concave shape.
C. The non-stationary stochastic differential equation
The stationary SDE (22) is now extended to nonstationary processes.
Eq. (22) represents a time-homogeneous process, since its drift and diffusion coefficients are not explicit functions of time 20 . In such a case, as shown above, the solution of the equation is a stationary distribution, F (̺), whose statistics are time-independent and the stochastic process ̺ * (t) is statistically stationary. In the non-stationary case the coefficients, b(t), S(t) and κ(t), are time-dependent and d̺
(29) Eq. (29) represents a beta distribution whose shape evolves in time. The time-dependent model coefficients govern the evolution of the shape of the pdf F [̺; b(t), S(t), κ(t)], abbreviated as F (̺; t). The FPE equivalent to Eq. (29) is formally the same as Eq. (23) but with time-dependent coefficients, b(t), S(t) and κ(t), and its solution is F (̺; t).
The above development shows that Eq. (29) is a generalization of Eq. (22) to a transient description. Consequently, special cases of stationary distributions can be obtained at any instant in time by setting all three coefficients to constant values, in which case Eq. (29) will reduce to Eq. (22) . The solution, i.e. the pdf, will converge to a stationary distribution, F (̺; t) → F s (̺), whose shape is determined by the constants b s , S s and κ s . We will use this property of Eq. (29) to investigate the effects of the model coefficients on the shape of the pdf and its statistics. It is worth emphasizing that F s (̺) is a stationary distribution in the mathematical sense, to which the solution of the SDE (29) converges with constant coefficients. This state is not to be confused with the physical state of the modelled flow, which may be statistically non-stationary at any given time.
It is important to appreciate that b(t), S(t) and κ(t) must be independent of ̺ * , but they can be a function of any available single-point moments of the flow. For
We showed that a temporally evolving beta-pdf can be represented by a Lagrangian SDE (29) with time-varying coefficients. This establishes the possibility of modeling statistically transitional, non-equilibrium flows and is a crucial ingredient of the joint pdf model developed in Refs.
12,13 for the highly transitional and non-equilibrium RT turbulence.
D. Stochastic equations in pdf methods
The mathematical properties of the different types of SDEs in pdf methods are used to put Eq. (29) in a historical context.
From a mathematical viewpoint, the governing equations, employed by transported pdf methods, written as a general Itô diffusion process for the scalar y * , dy
can be categorized as: The drift is linear, A(y * , t) = A(ay * + b, t), in all these equations.
Deterministic equations are incapable of influencing the shape of the evolving pdf, a highly desired property of mixing models 4 . Equations with constant diffusion and linear drift yield a Gaussian pdf. This is suitable for an unbounded quantity (e.g. velocity, log-frequency), but unphysical for mixing. Equations with linear drift and diffusion give a gamma distribution, supported on a semi-infinite interval.
Eq. (29) belongs to the 4th group. The diffusion term in Eq. (29) is a function of the sample space, ̺ * , and it effects a non-linear mapping of the Gaussian Wiener process. The non-linear diffusion coefficient, κ̺ * (1 − ̺ * ), allows the SDE 1) to confine the process to a bounded interval on its sample space and 2) to influence the shape of its solution in a wide variety of ways. This allows Eq. (29) to capture some fundamentally different mixing phenomena that simple micro-mixing models, such as the IEM family, cannot reproduce.
Apparently, Eq. (29) has not appeared in the literature in this simple yet general form. Fox's 4,24 treatment of differential diffusion is general enough to include the beta-pdf, though he works with the symmetric distribution, a special case of our treatment, where the drift relaxes to the centre of the sample space instead of S(t).
Cai & Lin
26 also give the symmetric equation in the stationary case. As is shown, in general Eq. (29) represents a non-stationary skewed beta-pdf.
The next section examines the three SDE coefficients, b(t), S(t) and κ(t), that together determine α(t) and β(t), in more detail.
IV. MOMENT EQUATIONS FROM THE SDE
In order to identify possible constraints on the three model coefficients, b(t), S(t) and κ(t), so that Eq. (29) can correctly represent material mixing, evolution equations for the first few statistical moments of F (̺; t) are now derived from Eq. (23) .
Balance equations for statistics are derived as follows. Multiplying each term in Eq. (23) with ̺ and integrating over all sample space
produces the governing equation for the mean density, ̺(t). The equation for the density variance, ̺ ′2 (t), is obtained by multiplying with (̺ − ̺) 2 and integrating each term. For mathematical details on evaluating the integrals the reader is referred to Ref.
5 . For clarity, the time-dependence of the model coefficients and the derived moments are not explicitly stated in the following but implied. 
showing that the stationary mean is
where the subscript s, as before, denotes the stationary value, ∂/∂t = 0. Thus Eq. (33) shows that specifying S in any way means specifying the stationary value, ̺ s , to which the mean of the distribution will converge since b > 0.
Examining the statistics of the stationary state, such as that of ̺ in Eq. (33), is helpful in determining the effect of the coefficients independent of time: it answers the question "what would be the shape of the pdf for given b, S and κ?" Since the stationary moment is an explicit function of only the coefficients (and only implicitly of time), it clearly indicates the effects of b, S and κ on the given moment. On the right hand side of Eq. (33), S is understood as S s , but for clarity, only the moment under consideration (such as ̺ s ) is marked by s. 
indicating that ̺ ′2 at any time will converge to its stationary value
Alternatively, the stationary moments, ̺ s , ̺ ′2 s , can be obtained by direct integration of the pdf as in Eqs. (17) and (18) and applying the equivalence between the model parameters (α, β) and (b, S, κ), Eq. (24) .
DNS data of homogeneous RT mixing 14 indicates that as the two fluids mix, the density variance decays monotonically and approaches zero in the fully mixed state. Eq. (35) shows that ̺ ′2 → 0 if and only if δ → 0, independent of S. (As will be shown later, in the fully mixed limit 0 = S = 1, hence the independence requirement.)
Since both terms on the right hand side of Eq. (34) are always non-negative, the monotonicity of ̺ ′2 can only be ensured if
Thus in principle, Eq. (36) could be used to constrain δ via
with 0 ≤ C δ ≤ 1. The above specification, however, may render the numerical method unstable even in the case of a non-fluctuating inverse time-scale, b, since κ = δb drives the stochastic term in Eq. (29) and the denominator of Eq. (37) is close to zero in the initial unmixed state. To eliminate this possibility we constrain δ via
with C δ to be determined by the model for the given application. Note that C δ , in general, need not be a constant, i.e. C δ = C δ (t). Eq. (38) puts a stronger monotonicity constraint on the variance than Eq. (37) would and assures that δ → 0 if and only if ̺ ′2 → 0, since ̺ is bounded. Consequently, the constraint Eq. (38) on δ establishes both physical and mathematical consistency of the variance evolution, since δ → 0 ⇐⇒ ̺ ′2 → 0.
Eq. (29) has been constrained to a monotonic nonincreasing variance, a fundamental requirement of mixing models in homogeneous flows.
C. Mean: v
Multiplying Eq. (23) by v and integrating gives the evolution equation for the mean, v, of the beta-pdf as
Since the drift term in the SDE for ̺ * , Eq. (29), is linear, the drift in the equivalent SDE governing v * = 1/̺ * is non-linear. As a consequence, in contrast to ̺, the moment equations involving v comprise an infinite hierarchy of non-closed system of differential equations. 
Multiplying Eq. (23) by (̺ − ̺) 3 and integrating result in the model evolution equation of the third moment of the beta-pdf 1 3b
whose stationary value, i.e. ∂̺ ′3 /∂t = 0, at any time gives the skewness as
This means that for a symmetric distribution S = 1/2, while S < 1/2 and S > 1/2 will result in positive and negative skewness, respectively.
F. Fourth moment: ̺ ′4
Multiplying Eq. (23) by (̺ − ̺) 4 and integrating give the equation governing the fourth moment of the betapdf as 1 2b
which can be used to derive the stationary value to which the kurtosis will converge at any point in time
G. The fully-mixed limit: δ → 0
Taking the limit δ → 0 of the stationary skewness and kurtosis in Eqs. (42) and (44) shows that by specifying δ via the monotonically decreasing function of Eq. (38), at t → ∞ the skewness will vanish, while the kurtosis will approach the Gaussian value of 3, independent of S.
The above development is consistent with Girimaji's 6 analysis of the beta-pdf in the limit of small variance: by satisfying the monotonicity constraint on δ, Eq. (38), the SDE (29) approximates a clipped Gaussian as t → ∞. To summarize, in the fully-mixed limit, δ → 0, the stationary values of the first four moments, obtained from Eqs. (33), (35), (42) and (44) will be
These equations characterise the asymptotic shape of the pdf at t → ∞.
H. The no-mix limit: δ → ∞ Mathematically, the no-mix limit corresponds to δ → ∞ or equivalently θ → 0. Strictly speaking, Eq. (15) is The equations governing the statistics of the nonstationary beta-pdf, derived from the SDE (29) with timevarying coefficients, b(t), S(t) and δ(t) = κ(t)/b(t).
undefined for δ = ∞, i.e. α = β = 0, nevertheless it is useful to examine δ → ∞ as an asymptotic limit. This results in the following stationary formulas for the first four moments, obtained from Eqs. (33), (35), (42) and (44),
These equations characterise the shape of the pdf independent of molecular diffusion. They show the effect of mixing asymmetry on the statistics and that even if mixing is not allowed, the distribution is capable of representing asymmetry (and skewness) by specifying the time evolution of the single model parameter S(t).
I. Summary
The equations governing the statistics of the SDE (29) are summarized in Table I . It is emphasized that these moment equations are 1) independent of any physics and 2) a precise result of pure mathematical nature: they represent the governing equations of the moments of a non-stationary beta distribution.
The constraints that must be satisfied by the coefficients, b(t), S(t) and κ(t), for mathematical and physical realizability of a material mixing model in homogeneous flows, governed by Eq. (29), are 1. Positivity of the inverse time-scale, b(t) > 0, 2. Boundedness of 0 < S(t) < 1, and,
The no-mix (or high-Sc) limit is obtained if κ(t) ≫ b(t) at all times.
The above development provided necessary conditions for mathematical and physical consistency of Eq. (29) for its use as a material mixing model for passive scalars. In the next section the model will be shown to satisfy conservation of mass which establishes sufficient conditions for its application as a model for the stochastic fluid density.
V. CONSISTENCY WITH MASS CONSERVATION
Up to this point, the development has been purely mathematical in nature; we have made no restrictions regarding what physical quantity ̺ can represent, only that it is a beta-distributed scalar. By constructing the time-evolution of the model coefficients δ = κ/b to satisfy Eq. (38), the governing SDE (29) has been confined to a temporal evolution of the particle property ̺ * whose variance, ̺ ′2 , cannot increase, a fundamental requirement of material mixing models in statistically homogeneous flows. The extension to inhomogeneous flows, which introduces no new small scale terms related to molecular mixing, is made subsequently.
In the following, physics is introduced by assuming that ̺ * represents the fluid density, ̺. The continuum form of mass conservation is used to derive the equations for the moments of the density distribution. Comparisons between the moment equations from the SDE (a mathematical model for the evolution of a non-stationary betapdf) and the moment equations from mass conservation (a mathematical model expressing the physical conservation principles) is required in order to relate the SDE parameters, b, S and κ, to physical processes of molecular mixing.
A. Moment equations from conservation of mass
The starting point for the exact equations is the conservation of mass along an instantaneous Lagrangian path for the density, ̺, and specific volume, v = 1/̺, respectively,
with the dilatation d = v i,i and the Lagrangian derivative
As a matter of clarity and convenience, the Lagrangian notation will be used, as it reduces the number of terms in the equations. (In a subsequent section, VI. Extension to inhomogeneous flows, Eulerian notation is used.) In joint pdf methods containing the velocity, terms originating from the physical process of advection appear in closed form; these represent mean and turbulent transport and production/destruction. For simplicity we choose to incorporate these in the Lagrangian derivative. It is worth emphasizing, that this also means that the equations for statistics will represent the rate of change along instantaneous Lagrangian paths, as defined by Eq. (54). In the following, we assume the existence of a velocity pdf model. In joint pdf methods for a set of scalars, where the full velocity pdf is unavailable, turbulent transport 4 and, as will be shown, the mass flux require closure assumptions.
If the particle position, x * i , is governed by
the model FPE governing the Eulerian joint pdf of density and velocity, f (̺, v; x, t), can be stated as
The mean density equation: ̺. The exact equation in homogeneous flows, derived from Eq. (53), is
where
. The evolution equation for the mean density along a Lagrangian path, according to the joint pdf model, Eq. (56), is
The correlation of the fluctuating density and velocity divergence is modelled by the mean of the drift term in Eq. (29) as
The SDE (29), representing the fluid density, is consistent with conservation of mass in the mean if the above holds. The density variance equation: ̺ ′2 . For a statistically homogeneous flow the exact and the pdf-model density variance equations are
Thus the mixing terms in the exact equation are jointly represented by the terms in the model equation as
The mean specific-volume equation: v. The exact and model equations governing the mean specific volume are, respectively,
indicating the following relation between the dissipation of v and the SDE parameters:
The density-specific-volume covariance equation: ̺ ′ v ′ . In variable-density turbulence the quantity ̺ ′ v ′ plays a primary role in the production of the mass flux which, in the presence of a mean pressure gradient, drives the turbulence 9 . Note that 1 − ̺·v = ̺ ′ v ′ . The exact and pdf-model evolution equations for the density-specific-volume covariance are
As above, a comparison of the right hand sides of Eqs. (66) and (67) relates the physical mixing processes to the SDE parameters.
The third density moment equation: ̺ ′3 . The exact and the pdf-model governing equations for the third moment are 1 3
Comparing the right hand sides shows how the SDE parameters are related to the mixing processes:
The fourth density moment equation: ̺ ′4 . The exact and modelled fourth moment equations are, respectively,
The above development, relating the SDE parameters to physical processes, are a rigorous mathematical consequence of one assumption: the fluid mass density in a homogeneous flow is beta-distributed.
B. Closure relations for
Eqs. (59), (62), (70) and (73) indicate that assuming a beta-pdf for the fluid density, the moment equations are inter-dependent and imply a series of relations for the density-dilatation statistics ̺ ′n d ′ , n ≥ 1. These relations are now explicitly detailed.
Eq. (59) indicates that
which, when substituted into Eq. (62), implies
Then substituting both Eqs. (74) and (75) into Eq. (70) results in
Eqs. (74-76), provide a series of relations for the covariances of the form ̺ ′n d ′ , establishing a number of relations between various mixing processes and the SDE parameters.
Moment and SDE relations in the no-mix limit. It is useful to investigate the closures, ̺ ′n d ′ , Eqs. (74-76), in a perturbed state about the no-mix limit, θ = ε θ , where 0 < ε θ ≪ 1. This results in
If δ → ∞ and ε θ → 0 at the same rate, Eqs. (77-79) result in well-defined (finite) expressions for all ̺ ′n d ′ in the no-mix state.
C. Connecting b, S and κ to physical processes
Applying the results of setting the right hand side of the moment equations that come from continuity to the right hand sides of the moment equations that come from the SDE allows one to express b, S and κ in terms of physical mixing processes.
Solving the relations for ̺ ′n d ′ , n ≤ 3, Eqs. (74-76), for b, S and κ results in
with
and
Eqs. (80-82) show how the first three density-velocitydilatation covariances together with the first three density moments determine the three SDE coefficients in Eq. (29) or, equivalently, the two parameters of the betapdf, Eq. (24) .
The unit of Λ 1 and Λ 2 is that of d ′ , the mixing rate, indicating their effect on the mixing state, while Λ 3 corresponds to asymmetry.
Dividing Eqs. (81) and (80) yields the useful result
Eq. (88) is partitioned into two parts, responsible for the symmetric and non-symmetric behaviour of the pdf, respectively. The first term (from Λ 1 ) is the effect of molecular mixing, c.f. Eq. (36), and the second (from Λ 3 ) is the mixing asymmetry. Note that Eq. (36) is a model constraint, while Eq. (88) is a relationship of δ to physics if the underlying pdf is beta. The parameters, b, S and κ, of the beta-SDE, representing the fluid mass density, have been related to physical mixing processes.
The SDE parameters in the no-mix limit. It is insightful to investigate the relations for b, S and κ, Eqs. (80-82) in the no-mix (or high-Sc) limit.
Note that Φ = 1 − ψ is another mix-metric (similar to θ) with Φ = 0 in the no-mix and Φ = 1 in the fully mixed states. Eq. (87) shows that ψ is only defined for a non-symmetric distribution with finite skewness (see also Appendix C), which can be easily seen in the nomix limit:
(89) Denoting small departures from the no-mix state by ε θ > 0 and ε ψ > 0, i.e. θ = ε θ and ψ = 1 − ε ψ , the SDE coefficients in the perturbed state are given by
Further simplifying with ε ψ = ε θ /c = ε with the positive constant 0 < c < ∞, Eqs. (90) and (91) become
Eq. (93) indicates that b(t), the model mixing rate, starts from a well-defined finite value in the unmixed state, ε → 0,
while repeatedly applying L'Hôpital's rule to Eq. (94) leads to
and thus
Assuming the same perturbation in both mix-metrics, i.e. c = 1, results in
The SDE parameters have been related to physical mixing processes in the perturbed no-mix limit.
D. Summary
This section detailed the consequences of representing the fluid mass density by a beta distribution in homogeneous non-stationary mixing flows. In summary, 1. The time-inhomogeneous governing equation (29) representing the density is consistent with conservation of mass.
2. A series of relations for the correlations between the density and the velocity dilatation of the form, ̺ ′n d ′ , n ≥ 1, has been obtained.
3. The physical meaning of the three model coefficients, b(t), S(t) and κ(t), have been explicitly related to the mixing physics, as reflected in the density moments and density-dilatation covariances.
4. If one were to design a moment closure for the first few moments of the pdf, one can now relate the mixing statistics in the various moment equations to each other by one consistency principle: models for the mixing processes in the different moment equation are related to each other in a unique selfconsistent way if the underlying pdf is beta.
VI. EXTENSION TO INHOMOGENEOUS FLOWS
The SDE (29) is now extended to inhomogeneous flows. Beside micro-mixing, this allows the SDE to represent different macro-mixed states 4 .
A. Exact inhomogeneous equations
The governing moment equations, derived from continuity, are given in both Lagrangian and Eulerian frameworks, establishing a correspondence between the pdf approach and moment closures.
The equations governing the density and specific volume statistics, derived from Eq. (53), in inhomogeneous flows are
1 3
d̺
These equations are along an instantaneous Lagrangian path. The Lagrangian derivative, Eq. (54), can be used to write Eq. (99) in equivalent forms more traditional in moment closures as ∂̺ ∂t
where the Favre average is denoted by · . Similarly, the exact variance equation (100) in equivalent Eulerian form is 
The equation for the density-specific-volume covariance in the Eulerian framework is
It is useful to recast these equations in the nomenclature used in moment closure of VD turbulence. Following Livescu et al. 9 , Eq. (109) can be written as
where v ′′ i = − v ′ i = −a i andb = −̺ ′ v ′ . Moment closures, such as Ref.
27 , solve equations for a i andb. In Eq. (110) the last two terms represent turbulent transport and micro-mixing, respectively. Similarly, a i accounts for molecular mixing and transport, since (̺a i ), i = ̺ ′ d ′ + v ′ i ̺ ′ , i , and thus the mass-flux term in Eq. (110) is
representing production, turbulent transport and molecular mixing. In contrast, the left hand sides of the Eulerian equations (105, 107, 108 and 109) explicitly detail the terms originating from the physical process of advection. In the pdf framework only the terms representing small scale mixing (̺ ′ d ′ , v ′ d ′ and ̺ ′2 d ′ on the right hand sides) require closure assumptions. As described earlier, this is done consistently with the beta-pdf for the density, Eqs. (59, 62, 66 and 67).
6. As an application, Appendix B shows that given the joint pdf of density (or pressure) and velocity in polytropic gases yields a closed diagnostic equation for all pressure-dilatation covariances of the form p ′n d ′ , n ≥ 1.
Our primary interest is in developing a model that can predict material mixing in fluids with large density differences, of order 10 and larger, in flows in which the turbulence is transitional and/or non-equilibrium. We have documented several rigorous mathematical results necessary for future works. In the subsequent papers 12,13 we apply these ideas for VD mixing in the Rayleigh-Taylor instability.
